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ABSTRACT
The ultimate objective of constructing time series models is to forecast future data
accurately. However, the presence of outliers within the series can impact all phases
of model development, inevitably affecting the accuracy of forecasts. This study
seeks to examine how disregarding Seasonal Level Shift (SLS) outlier influences
point forecasts generated by SARIMA models. Through analytical methods, we
obtain the expression for the rise in the mean square error of h-step ahead forecasts
attributable to the existence of an SLS outlier. To gain deeper insights into the
findings, we conduct a simulation study. A key revelation is that SLS outlier notably
elevate the mean square forecast error. Nevertheless, the extent of this escalation
hinges not only on when the outlier appears relative to the forecast origin but also
on its magnitude, number of years considered in the data, sample size, variance of
errors and the parameter of the specific SARIMA model under consideration.
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1. Introduction

Outliers within time series arise from non-repetitive occurrences such as recording errors,
significant economic or political shifts, the introduction of new regulations, and similar
events. These outliers can induce various structural modifications to the time series.
Four distinct types of outliers have been categorized based on their structural impacts
in the literature. Initially, Fox (1972) defined two types of outliers: the Additive Outlier
(AO) and the Innovational Outlier (IO). Subsequently, Chen and Tiao (1986) introduced
the Level Shift (LS) outlier, and Tsay (1987) defined the Transient Change (TC) outlier.
Extensive research has been conducted on outliers in time series context, one can refer to
studies such as Hilmer (1984), Tsay (1988), Chen and Liu (1993), Chan (1995), Janhavi
and Suresh (2011), and others. These works have reaveled that the presence of outliers
significantly influences all stages of the Box-Jenkins approach to time series analysis,
including identification, estimation, diagnostic checking, and forecasting.

A new type of seasonal outlier known as Seasonal Level Shift (SLS) was introduced
by Kaiser and Maravall (2001), which is predominantly observed in seasonal time series.
Subsequently Asghar and Urooj (2017) considered a modified seasonal level shift and
analysed the performance of the test statistic in correct identification of the outlier.
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Recently, Shrivallabha and Suresh (2023) have studied the effect of the seasonal level
shift, as defined by Kaiser and Maravall (2001), on the residuals of few seasonal models.

The main aim of building time series models is their utilization for forecasting,
which offers invaluable insights facilitating decision-making processes and enabling
organizations to devise long-term plans and strategies based on anticipated future
trends. Nonetheless, the reliability of forecasts generated by these models becomes
uncertain due to the disruptive impact of outliers throughout the modeling process.
Ledolter (1989) examined the ramifications of disregarding additive outliers on both
point forecasts and prediction intervals. Additionally, Trivez (1995) analyzed the
inaccuracies in point forecasts and prediction intervals resulting from level shift and
transient change outliers. More recently, Shahid et al.(2023) explored the impact of
a ‘modified’ SLS outlier on forecast accuracy. Thus, an exploration of the impact of
the SLS outlier, as proposed by Kaiser and Maravall (2001), on forecasts remains
unexplored. It is noteworthy that this SLS outlier has been defined in the ‘tsoutlier’
R-software package, see López-de-Lacalle,J (2019), utilized for outlier detection in time
series. This observation serves as a motivation for our work.

This study aims to examine the consequences of disregarding the SLS outlier on
point forecasts from SARIMA models. Further, we explore the same for some specific
seasonal models viz, Seasonal Autoregressive model of order one (SAR(1)), Seasonal
Moving Average model of order one (SMA(1)), and Seasonal Autoregressive Moving
Average model of order (1, 1) (SARMA(1, 1)), in terms of the mean square forecast
error.

Let {Xt} be generated by a seasonal autoregressive integrated moving average,
SARIMA(p, d, q)(P, D, Q)s process given by

ΦP (Bs)ϕp(B)(1 − B)d(1 − Bs)DXt = θq(B)ΘQ(Bs)at (1)

Xt = θq(B)ΘQ(Bs)
ΦP (Bs)ϕp(B)(1 − B)d(1 − Bs)D

at (2)

where B is the backward shift operator such BaXt = Xt−a, ϕ(B) = 1 − ϕ1(B) −
ϕ2(B2) − · · · − ϕp(Bp), Φ(Bs) = 1 − Φ1(Bs) − Φ2(B2s) − · · · − ϕP (BP s) and θ(B) =
1 − θ1(B) − θ2(B2) − · · · − θq(Bq), Θ(Bs) = 1 − Θ1(Bs) − Θ2(B2s) − · · · − ΘQ(BQs) are
polynomials with no common roots and all the roots lie outside the unit circle, d and
D denotes the degree of nonseasonal and seasonal differencing respectively, {at} follows
i.i.d N(0, 1) and s is the seasonal frequency. For simplicity, however, we shall assume
that {Xt} is a zero mean process. The model in (2) can also be written as

[
ΦP (Bs)ϕp(B)(1 − B)d(1 − Bs)D

θq(B)ΘQ(Bs)

]
Xt = at

π(B)Xt = at (3)

=⇒ π(B) = ΦP (Bs)ϕp(B)(1 − B)d(1 − Bs)D

θq(B)ΘQ(Bs) . (4)

Next, the outlier model defined by Kaiser and Marvall (2001) for an observed time
series perturbed by an SLS at time t = T with magnitude δ is given by

Yt = Xt + 1
1 − Bs

δI
(T )
t (5)
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where Yt is the observed, contaminated series, Xt is the unobserved, uncontaminated
outlier free series, δ denotes the magnitude of the SLS outlier and I

(T )
t is an indicator

variable such that I
(T )
t = 1 if t = T and 0 otherwise. Further, (5) can be written as

Yt =




Xt , t < T

Xt + δ , t = T, T + s, T + 2s, ...

Xt , otherwise.

(6)

The structure of the remaining paper is outlined as follows: Section 2 presents the
derivation of the increase in mean square forecast error caused by the SLS outlier for
SARIMA models and then focusing on specific models. Section 3 presents the numerical
results. Finally, Section 4 provides concluding remarks.

2. Effect of SLS Outlier on Forecasts from SARIMA models with known
coefficients

This section delineates the mathematical derivation of the impact of a seasonal level
shift (SLS) outlier on forecasts generated by SARIMA models, expressed in terms of
mean square forecast error. Subsequently, particular seasonal models are examined to
gain deeper insights.

Assuming an idealistic but unrealistic scenario, let us consider that the coefficients
of the SARIMA model and the time of occurrence of the outlier t = T are known and
sample size n = ks, where k is the number of years and s is the seasonal frequency.
Suppose an outlier at time T is ignored and m is the number of observations prior to
the forecast origin, then the h-step ahead prediction of the future observation YT +m+h

from forecast origin T + m ( =⇒ n = ks = T + m) is given by

YT +m(h) = π
(h)
1 YT +m + π

(h)
2 YT +m−1 + · · ·

=

j≥0

π
(h)
j+1YT +m−j , (7)

where the forecast weights are (see Box and Jenkins (2016; page 142))

π
(h)
j = πj+h−1 +

h−1
p=1

πpπ
(h−p)
j , j = 1, 2, . . . , (8)

and are calculated from π
(1)
j = πj weights using

π(B) = ΦP (Bs)ϕp(B)∇d∇D
s

ΘQ(Bs)θq(B) . (9)

When m < s, using (6), the equation (7) becomes

YT +m(h) = π
(h)
1 XT +m + π

(h)
2 XT +m−1 + · · · + π

(h)
m+1{XT + δ} + π

(h)
m+2XT −1 + · · ·

YT +m(h) =

j≥0

π
(h)
j+1XT +m−j + π

(h)
m+1δ.

3
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If m = s

YT +s(h) = π
(h)
1 YT +s + π

(h)
2 YT +s−1 + · · · + π

(h)
s+1YT + π

(h)
s+2YT −1 + · · ·

= π
(h)
1 {XT +s + δ} + π

(h)
2 XT +s−1 + · · · + π

(h)
s+1{XT + δ} + π

(h)
s+2XT −1 + · · ·

YT +s(h) =

j≥0

π
(h)
j+1XT +s−j +


π

(h)
1 + π

(h)
s+1


δ.

For the sake of simplicity, let us consider T = n
2 = ks

2 =⇒ m = ks
2 . Hence (6) takes

the form

Yt =




Xt , t < T

Xt + δ , t = T + js, j = 1, 2, . . . , k
2

Xt , otherwise.

(10)

Then using (10), YT +m(h) can be written as

YT +m(h) = π
(h)
1 {XT +(ks/2) + δ} + π

(h)
2 YT +(ks/2)−1 + · · · + π

(h)
s+1{XT +(ks/2)−s + δ}+

π
(h)
s+2YT +(ks/2)−(s+1) + · · · + +π

(h)
2s+1{XT +(ks/2)−2s + δ}+

π
(h)
2s+2YT +(ks/2)−(2s+1) + · · · + π

(h)
(ks/2)+1{XT + δ}+

π
(h)
(ks/2)+2YT +(ks/2)−((ks/2)+1) + · · · .

Therefore

YT +m(h) =

j≥0

π
(h)
j+1XT +(ks/2)−j +




k/2
j=0

π
(h)
js+1


 δ.

Subsequently, the h-step ahead forecast error

YT +m+h − YT +m(h) = eT +m(h) −




k/2
j=0

π
(h)
js+1


 δ,

where eT +m(h) = aT +m+h + ψ1aT +m+h−1 + · · · + ψh−1aT +m+1 and ψj , j = 1, 2, . . . ,

are coefficients of Bj in ψ(B) = θq(B)ΘQ(Bs)
ΦP (Bs)ϕp(B)(1−B)d(1−Bs)D . Then the h-step ahead mean

square forecast error is given by

MSFE(h; δ, k, s) = σ2
a

h−1
j=0

ψ2
j +





k/2
j=0

π
(h)
js+1





2

δ2. (11)

The relative increase in the mean square forecast error (IMSFE) due to an outlier is
found by

IMSFE(h; δ, k, s) = MSFE(h; δ, k, s) − MSFE(h; δ = 0, k, s)
MSFE(h; δ = 0, k, s) . (12)

4
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Hence using (11) in the above expression, the IMSFE due an SLS outlier turns out to
be

IMSFE(h; δ, k, s) =


δ

σa

2
k/2

j=0 π
(h)
js+1

2

h−1
j=0 ψ2

j

. (13)

It is pertinant to note that the extent to which the forecasts are affected by ignoring
the outlier of magnitude δ is determined by the forecast weights π

(h)
js+1.

To gain a clearer understanding of the aforementioned general result, we proceed
to examine the increase in the mean square forecast error for SAR(1), SMA(1), and
SARMA(1, 1) models, all being zero mean processes.

2.1. Increase in the Mean Sqaure Forecast Error in the SAR(1) Model

When π(B) = 1 − ΦBs in (4), we get the SAR(1) model which is of the form

Xt = ΦXt−s + at.

In order to find the forecast weights, we start with

π(B) = 1 − ΦBs.

Expanding the left hand side of the above equation we get

1 − πsB
s − π2sB2s − · · · = 1 − ΦBs.

Then upon solving we obtain

πj =


Φ , j = s

0 , otherwise.
(14)

And

ψ(B) = 1
1 − ΦBs

1 + ψsB
s + ψ2sB

2s + · · · = 1 + ΦBs + Φ2B2s + · · ·

=⇒ ψj =





1 , j = 0
Φi , j = is, i = 1, 2, 3, . . .

0 , otherwise.
(15)

Using (14) in (8), the forecast weights in (13) are found to be

π
(h)
js+1 =


Φi , h = is, i = 1, 2, . . . , j = 0
0 , otherwise.

(16)

5
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Therefore, after substituting (15) and (16) in (13), the relative increase in the mean
square forecast error due to an SLS outlier in the case of SAR(1) model is

IMSFE(h; δ, s) =





δ

σa

2 (Φi)2
i

v=1(Φv−1)2 , h = is, i = 1, 2, . . .

0 , otherwise.

(17)

Based on the equation above, we can deduce that the mean square forecast error
increases solely for forecasts made at seasonal intervals. The magnitude of this increase
depends on the outlier magnitude δ, error variance σ2

a, and the model parameter Φ.
Notably, it’s crucial to recognize that this increase is unaffected by the number of years
of data considered.

2.2. Increase in the Mean Sqaure Forecast Error in the SMA(1) Model

The SMA(1) model is obtained when, in (4) π(B) = 1 − ΘBS , therefore we get

Xt = at − Θat−s.

For the above model,

π(B) = 1
1 − ΘBs

.

Expanding the equation above yields

1 − πsB
s − π2sB2s − · · · = 1 + ΘBs + Θ2B2s + · · · .

Consequently, upon solving, we obtain

πj =




1 , j = 0
−Θi , j = is, i = 1, 2, . . .

0 , otherwise.

(18)

And similarly

ψ(B) = 1 − ΘBs

1 + ψsB
s + ψ2sB

2s + · · · = 1 − ΘBs

=⇒ ψj =




1 , j = 0
−Θ , j = s

0 , otherwise.

(19)

Substituting (18) in(8), the forecast weights in (13) in the case of SMA(1) model are

π
(h)
js+1 =


−Θj+1 , h = s, j = 0, 1, 2, . . . , k

2
0 , otherwise.

(20)
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Hence using (19) and (20) in (13), the relative increase in the mean square forecast error
resulting from an SLS outlier in the SMA(1) model is

IMSFE(h; δ, k, s) =






δ

σa

2  k
2 +1
r=1 Θr

2
, h = s

0 , otherwise.
(21)

The equation above indicates that for the SMA(1) model, an increase in the mean square
forecast error solely occurs when the forecast horizon h = s. For nonseasonal and higher
seasonal forecast horizons, the presence of an SLS outlier doesn’t impact the forecasts.
The increase in mean square forecast error due to the SLS outlier is determined by the
model parameter Θ, the magnitude of the outlier δ, number of years of data k considered
and the variance of the errors σ2

a. Higher the value of k, higher will be the IMSFE.

2.3. Increase in the Mean Sqaure Forecast Error in SARMA(1, 1) Model

In equation (4), if π(B) = 1 − ΦBS

1 − ΘBS
, we obtain the SARMA(1, 1) expressed as

Xt − ΦXt−s = at − Θat−s.

For the above model,

π(B) = 1 − ΦBs

1 − ΘBs
.

Expanding the expression on both sides of the above equation yields

1 − πsB
s − π2sB2s − · · · = 1 + (Θ − Φ)Bs + Θ(Θ − Φ)B2s + · · · .

Therefore, we get

πj =




1 , j = 0
Θi−1(Φ − Θ) , j = is, i = 1, 2, . . .

0 , otherwise.

(22)

And

ψ(B) = 1 − ΘBs

1 − ΦBs

1 + ψsB
s + ψ2sB

2s + · · · = 1 + (Φ − Θ)Bs + Φ(Φ − Θ)B2s + · · ·

=⇒ ψj =





1 , j = 0
Φi−1(Φ − Θ) , j = is, i = 1, 2, . . .

0 , otherwise.

(23)

7
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Plugging (22) and (23) into (8), the forecast weights in (13) for the SARMA(1, 1) model
are obtained as follows

π
(h)
js+1 =


Φi−1 

Θj


(Φ − Θ) , h = is, i = 1, 2, . . . , j = 0, 1, 2, . . . , k
2

0 , otherwise.
(24)

Hence, after subsituting (23) and (24) in (13), the IMSFE due to an SLS outlier in a
series following SARMA(1, 1) model can be generalised as

IMSFE(h; δ, k, s) =






δ

σa

2
[(Φ − Θ)]2

 k
2
r=0 Θr

2
, h = s


δ

σa

2 
Φi−1(Φ − Θ)

2
 k

2
r=0 Θr

2

1 +
i−1

j=1(Φj−1(Φ − Θ))2 , h = is, i = 2, 3, . . .

0 , otherwise.

(25)
It can be inferred from the above equation that the presence of the SLS outlier influences
forecasts solely when the forecast horizon h aligns with a multiple of s. As the value of
h increases, the IMSFE diminishes gradually. The IMSFE attributed to the SLS outlier
in the SARMA(1, 1) model is dependent on the parameters Φ and Θ, the magnitude of
the outlier δ, number of years of data k considered, and the variance of errors σ2

a. The
IMSFE increases as k increases.

3. Numerical Results

The percent IMSFE is calculated using equations (17), (21), and (25) for SAR(1),
SMA(1), and SARMA(1, 1) models, respectively. This percent IMSFE is evaluated
across various parameter values, sample sizes n = 120, 180, forecast horizons h =
s, 2s, 3s, and outlier magnitudes δ = 3σa, 5σa, 10σa. The results for SAR(1), SMA(1),
and SARMA(1, 1) models are tabulated in Tables A1, A2, and A3 - A8 respectively.
Additionally, Figures B1, B2, and B3 - B4 illustrate findings related to SAR(1), SMA(1),
and SARMA(1, 1) models, respectively. All the tables and figures have been provided
in the appendix.

The unprecedented COVID-19 epidemic has put the world in peril and shifted
the global landscape in unanticipated ways. COVID-19’s entry into global space has
resulted in a public health emergency as well as an economic crisis. Global and national
health systems have been preoccupied with the virus’s treatment, containment, and
vaccine development as a public health emergency. Furthermore, the government’s
global lockdown to stop the virus from spreading has triggered an economic catastrophe
due to supply and demand shocks. Thus, the labour market, global supply chains,
consumer consumption, and stock market are all important routes through which the
lockdown will impact the global economy. The Nigeria stock exchange and its volatility
are key factors that influence economic and financial activities in Nigeria that is why
stock exchange market fluctuation have always attracted favorable recognition in both
economic, financial and statistics literature. The need for modelling and forecasting
volatility is because investors are not only interested in the average returns of a stock
but also its risk. Therefore, market investors and speculators need information to
analyze the profit or loss for the erratic behaviour of financial asset. However, analyzing

8
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volatility is helpful as it informs investors a measure of the risk involved in holding
an asset The aim of this work is to model the impact of Post COVID -19 on the
Nigeria stock exchange using GARCH, Exponential GARCH and GJR- GARCH Models
while the objective is to forecast the volatility of the Nigeria stock exchange. Economic
impacts of epidemics and pandemics have been examined in literature in forms of
country-specific and global studies. However, COVID-19 has created an unprecedented
global disruption which has necessitated several studies. Consequently, emphasis in this
review will be on macroeconomic and financial market disruptions orchestrated by
COVID-19 pandemic. (Oyelami et al.,2020) in their study investigates the dynamic
interaction of COVID-19 incidence and stock market performance using daily time
series data between April, 2020 and August, 2020 of All Share Index (ASI), COVID-19
pandemic confirmed cases, Nigeria’s borrowing rate and exchange rate. It spans through
the pre-lockdown, lockdown and post lockdown periods. Based on the assumption of
endogeneity, vector autoregressive (VAR) model was employed for estimation. The
result revealed that COVID19 confirmed cases have a significant negative effect on stock
market performance proxy by stock market returns. (Adenomonet al.,2020) employed
EGARCH and QGARCH models with addition of dummy variable to allow for non
COVID-19 and COVID-19 period in their study on the effects of COVID-19 outbreak
on the Nigerian Stock Exchange performance: evidence from GARCH Model they
discovered that EGARCH (1,1) with SSTD by incorporating the COVID-19 period
emerged the best model among the competing models. The result revealed a negative
impact of COVID-19 on the stock returns in Nigeria under the period under study.
(Egunjobi, 2022) in his study explained that the financial market and consequently
the economic climate have been severely impacted by the economic chaos caused by
the pandemic. The consequences are reflected in the inability of the financial sector
to perform its function of promoting development via income generation and reducing
poverty and inequality. Even while stock market returns have been hurt more severely,
especially in service delivery and reduction in turnover, the business environment is
still very uncertain and unpredictable, though the study revealed that this has not
really deterred investors or operations in the Nigerian financial sector. Thus, to achieve
economic development, a sustainability appropriate policies and relief measures must be
geared towards reducing the negative consequences arising from the pandemic. (Arashiet
al., 2022) observed in their study that with the continuous development of economy in
the society, a rapid rise has happened in emergence of capital markets in the world today.
They concluded that investing in stock market forms an important part of the economy
of the society. They modelled daily return series of stock index NASDAQ stock exchange
using ARMA-GARCH model. (Olayemi et al., 2022) reflected three different models in
their empirical work. They modelled the volatility in Nigeria crude oil price using the
symmetric and asymmetric GARCH model that capture most common stylized facts
about Crude oil price in Nigeria markets such as volatility clustering and leverage effects.
It was discovered that GARCH (1,1) model outperformed EGARCH (1,1) and PGARCH
(1,1) models because it has the least Akaike info Criterion (AIC)” Alzyadat& Asfoura
(2021) observed that the descriptive statistics show that stock market returns and the
number of COVID-19 infection cases recorded during the study period are volatile, and
displays evidence of fluctuations in the variables over the study period.Based on the
results of the impulse response functions that shock market returns respond to COVID-
19 negatively over the study period.

9
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4. Numerical Results

The percent IMSFE is calculated using equations (17), (21), and (25) for SAR(1),
SMA(1), and SARMA(1, 1) models, respectively. This percent IMSFE is evaluated
across various parameter values, sample sizes n = 120, 180, forecast horizons h =
s, 2s, 3s, and outlier magnitudes δ = 3σa, 5σa, 10σa. The results for SAR(1), SMA(1),
and SARMA(1, 1) models are tabulated in Tables A1, A2, and A3 - A8 respectively.
Additionally, Figures B1, B2, and B3 - B4 illustrate findings related to SAR(1), SMA(1),
and SARMA(1, 1) models, respectively. All the tables and figures have been provided
in the appendix.

From tables (A1 - A8) and figures (B1 - B4), several observations emerge: Regardless
of the model, the percent IMSFE rises as δ grows, while the percent IMSFE falls as
the prediction horizon h increases. For both SMA(1) and SARMA(1, 1) models, as n
increases there is a corresponding rise in the percent IMSFE. Under the SAR(1) model,
the percent IMSFE increases as |Φ| ↑ 1. Further, the percent IMSFE remains identical
for both positive and negative values of the model parameter Φ. In the case of the
SMA(1) model, the percent IMSFE grows at a higher rate as Θ approaches 1, while the
minimum is noted when Θ gets closer to −1. As for the SARMA(1,1) model, the percent
IMSFE peaks when Φ < −0.5 and Θ > 0.5, compared to other permissible parameter
ranges.

5. Conclusion

The hazardous effect time series outliers can have on forecasting is well documented
in the literature and our present work also points out the same issue in the case of an
SLS outlier. The presence of SLS outlier in the series results in an increase in the mean
square forecast error but only when the forecasts are made for seasonal horizons. This
aspect stands out as a distinctive feature of our study when contrasted with Ledolter
(1989) and Trivez (1995). Comparing with Shahid (2023), the increase in mean square
forecast error caused by the SLS outlier is more pronounced than that caused by the
modified SLS outlier. In our study the increase in the mean square forecast error due
to the SLS outlier for SAR(1), SMA(1) and SARMA(1, 1) models were derived. From
(17), (21) and (25), we can conclude that the increase is dependent on the magnitude
of the outlier δ, variance of the errors σ2

a, parameter (s) of the model considered and
the number of the years k considered in the data. Therefore, one must identify and
eliminate the SLS outlier if present in the series otherwise the forecast accuracy will
be compromised. While our present work focuses on a single SLS outlier, it can be
extended to encompass multiple outlier scenarios, involving either the same type of
outlier or a combination of different types. Our study also has the scope for extension
to other seasonal models and explore outlier incidences at time points beyond T = n

2 .
The present work is carried out under the assumption that the parameter values are
known, which can also be relaxed.
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6. Appendices

Appendix A. Tables

n = 120
Oultier magnitude → δ = 3σa δ = 5σa δ = 10σa

Φ ↓ h → s 2s 3s s 2s 3s s 2s 3s
-0.9 729.000 326.238 193.949 2025.000 906.215 538.746 8100.000 3624.862 2154.986
-0.8 576.000 224.780 115.110 1600.000 624.390 319.750 6400.000 2497.561 1279.001
-0.7 441.000 145.027 61.201 1225.000 402.852 170.003 4900.000 1611.409 680.013
-0.6 324.000 85.765 28.189 900.000 238.235 78.303 3600.000 952.941 313.212
-0.5 225.000 45.000 10.714 625.000 125.000 29.762 2500.000 500.000 119.048
-0.4 144.000 19.862 3.109 400.000 55.172 8.637 1600.000 220.690 34.548
-0.3 81.000 6.688 0.597 225.000 18.578 1.660 900.000 74.312 6.639
-0.2 36.000 1.385 0.055 100.000 3.846 0.154 400.000 15.385 0.614
-0.1 9.000 0.089 0.001 25.000 0.248 0.002 100.000 0.990 0.010
0.1 9.000 0.089 0.001 25.000 0.248 0.002 100.000 0.990 0.010
0.2 36.000 1.385 0.055 100.000 3.846 0.154 400.000 15.385 0.614
0.3 81.000 6.688 0.597 225.000 18.578 1.660 900.000 74.312 6.639
0.4 144.000 19.862 3.109 400.000 55.172 8.637 1600.000 220.690 34.548
0.5 225.000 45.000 10.714 625.000 125.000 29.762 2500.000 500.000 119.048
0.6 324.000 85.765 28.189 900.000 238.235 78.303 3600.000 952.941 313.212
0.7 441.000 145.027 61.201 1225.000 402.852 170.003 4900.000 1611.409 680.013
0.8 576.000 224.780 115.110 1600.000 624.390 319.750 6400.000 2497.561 1279.001
0.9 729.000 326.238 193.949 2025.000 906.215 538.746 8100.000 3624.862 2154.986

Table A1.: Percent IMSFE due to an SLS outlier in the SAR(1) model

n = 120 n = 180
Oultier magnitude → δ = 3σa δ = 5σa δ = 10σa δ = 3σa δ = 5σa δ = 10σa

Θ ↓ h → s s s s s s
-0.9 44.335 123.153 492.614 65.502 181.951 727.805
-0.8 96.788 268.855 1075.42 123.129 342.026 1368.105
-0.7 118.802 330.005 1320.021 135.509 376.413 1505.652
-0.6 115.028 319.523 1278.091 122.347 339.852 1359.408
-0.5 96.899 269.165 1076.66 99.22 275.612 1102.448
-0.4 72.869 202.413 809.653 73.373 203.814 815.257
-0.3 47.859 132.942 531.768 47.923 133.119 532.475
-0.2 24.997 69.436 277.742 25.000 69.444 277.776
-0.1 7.438 20.661 82.644 7.438 20.661 82.645
0.1 11.111 30.864 123.457 11.111 30.864 123.457
0.2 56.243 156.23 624.92 56.25 156.249 624.997
0.3 165.065 458.514 1834.058 165.284 459.123 1836.494
0.4 396.73 1102.028 4408.11 399.476 1109.655 4438.621
0.5 872.095 2422.485 9689.941 892.982 2480.507 9922.028
0.6 1840.451 5112.364 20449.458 1957.547 5437.63 21750.52
0.7 3814.862 10596.839 42387.357 4351.334 12087.038 48348.152
0.8 7839.813 21777.259 87109.036 9973.486 27704.127 110816.508
0.9 16005.015 44458.376 177833.505 23646.398 65684.439 262737.755

Table A2.: Percent IMSFE due to an SLS outlier in the SMA(1) model
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Appendix B. Figures

Figure B1.: Percent IMSFE for SAR(1) Model
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Figure B2.: Percent IMSFE for SMA(1) Model
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Figure B3.: Percent IMSFE for SARMA(1, 1) Model(n = 120)
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Figure B4.: Percent IMSFE for SARMA(1, 1) Model(n = 180)
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